
Learning Controlled Stochastic Differential Equations

Luc Brogat-Moe¹, Riccardo Bonalli², Alessandro Rudi³ 

¹ Istituto Italiano di Tecnologia 
² L2S, CentraleSupélec 

³ SDA Bocconi 

WCCM-ECCOMAS, July 2026

1



Problem setting



Controlled Stochastic Dynamical Systems
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Lorenz 63 Molecular dynamics Robotic arm [1, 2]

Dynamical systems:

Models of dynamical systems:

 : system’s state at time  xt ∈ ℝn t

dxt = b(xt) dt

Continuous-time

dXt = b(Xt) dt + σ(Xt)dWt

 : Brownian motionWt

Stochastic

dXt = b(Xt, ut) dt + σ(Xt, ut)dWt

 : control input at time  ut ∈ ℝd t
Controlled

dri diffusion



Why models of controlled dynamical systems?
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Predict system’s evolution:

x0
x0 ∈ ℝn

b : ℝn → ℝn
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Predict system’s evolution:

x0 ∈ ℝn

b : ℝn → ℝn u : t ↦ ut

σ : ℝn → ℝn×n

x0

Numerous applications: design controls to achieve desired behavior
Industrial processes Robotic systems Medical systems [3]



Learning problem
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In many applications, the model is unknown:

  (b, σ) = ?
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In many applications, the model is unknown:

  (b, σ) = (b0, σ0) + ?
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In many applications, the model is unknown:

  (b, σ) = ?

Controlled SDE estimation: learning  by collecting trajectories under various controls (b, σ) uθ1
, uθ2

, …uθK

Parametrized control space:

θ ∈ Θ ⊂ ℝmuθ : [0,T ] → ℝd

bounded set



Learning problem
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Controlled SDE estimation: learning  by collecting trajectories under various controls (b, σ) uθ1
, uθ2

, …uθK

{(θk, Xθk
(wk

i , tl)}k,i,l ∈ ℝK×N×M

K = 4, N = 3, M ≈ 25
uθ3

uθ1

uθ2

uθ4

In many applications, the model is unknown:

  (b, σ) = ?

Parametrized control space:

θ ∈ Θ ⊂ ℝmuθ : [0,T ] → ℝd

bounded set



Focus of this work
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Trajectories under uθ

Density flow under uθ

Density flows: probability density of  under control Xθ(t) uθ

θ, t, x, ↦ pb,σ(θ, t, x)

Remark: different dri–diffusion pairs may induce the same density flow

pb̂, ̂σ(θ) ≈ pb,σ(θ)∀θ ∈ Θ,

Focus: reproduce the density flow across controls

Θ
θ1

θ2
θ3 θ5

θ4



Proposed method



e Fokker-Planck equation
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Trajectories under uθ

Density flow under uθ

Fokker-Planck equation: let  governed by 

 

Xθ(t)

dXt = b(t, Xt, uθ(t)) dt + σ(t, Xt, uθ(t)) dWt

then under suitable regularity assumptions, its density flow  satisfies 

where

p

∂t p(θ, t, x) = L(b,a),θp(θ, t, x),

a = σσT, L(b,a),θq(t, x) = 1
2

n

∑
i,j=1

∂xixj (aij(t, x, uθ(t)) q(t, x)) −
n

∑
i=1

∂xi (bi(t, x, uθ(t)) q(t, x))



Proposed estimator
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Two-step method: 

1. Estimate the density flows  for each of the controls in the dataset  

2. Estimate coefficients thanks to the Fokker–Planck equation: 

 

̂pk ≈ p(θk, ⋅ , ⋅ ) uθ1
, …, uθK

arg min
(b̂, ̂σ)∈ℱ

∂pb,σ
∂t

− Lb̂, ̂σpb,σ

2

L2

RKHS model positive-semidefinite RKHS model [4]ellipticity floorlocalization

localization
Model  for the coefficients: ℱ

b(t, x, v) = ξ(x) b0(t, x, v) a(t, x, v) = κIn + ξ(x) a0(t, x, v)a = σσT



Statistical guarantees



Main theoretical guarantees
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Statistical guarantee: under sufficiently accurate density flow estimations, with probability at least 1 − δ

p ̂b , ̂a − pb,a
L2(Θ×[0,T]×ℝn)

≲ ( log(K/δ)
K )

1
1 −min(r, s)

with  measuring the regularity-dimension of the true controlled system in the state–time and control directions.r, s

Take-home message: 

Higher regularity and lower dimension            faster generalization ⟹

Example: for a -Sobolev-regular controlled systemν

r < 1 − dim(X) + 1
2ν

, s < 1 − dim(Θ)
2ν

( ⋆ ) (θ, t) ↦ uθ(t), (θ, t, x) ↦ p(θ, t, x), (t, x, v) ↦ (b, a)(t, x, v) are sufficiently Sobolev-regular so that (θ, t, x) ↦ Luθ
b,ap(θ, t, x) has Hν-regular sections in θ and (t, x)

⋆



Beyond average performance?

13

p ̂b , ̂a − pb,a
L∞(Θ;L2([0,T]×ℝn))

≲ ( log(K/δ)
K )

r ∧ s
1 − r ∧ s

Uniform guarantees: under same assumptions, with probability at least 1 − δ

slower than L2

sup
θ∈Θ

CVaRρ(f(Xθ
b̂, ̂a

( ⋅ ))) − CVaRρ(f(Xθ
b,a( ⋅ )))

L2(0,T)
≲ ∥f∥∞

ρ ( log(K/δ)
K )

r ∧ s
1 − r ∧ s

β
β + n/2

Tail-risk guarantees: if , with probability at least 𝔼[∥X0∥β] < ∞, β > 2 1 − δ
slower than L∞

Beyond average accuracy?

 bounds give accuracy on average over controlsL2(Θ)



Numerical experiments



Numerical illustration
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Ornstein–Uhlenbeck process: training on  controls,  trajectories. K = 10 N = 1000

dX(t) = 1
2 (u(t) − X(t)) dt + 1

8
dW(t), u(t) = {θ0 t < θ3

θ1 t ≥ θ3
recovery of the true controlled dynamics. The estimated coefficients produce probability distributions
that are visually comparable to the true ones, with closely matching means and variances over time. It
is important to note that the three controls used for testing are not part of the training data.

u1 u2 u3

Figure 7: Controlled Ornstein–Uhlenbeck process. Samples from the true (center) and estimated (bottom) SDE
coefficients for three random controls u1, u2, u3 (top).

5.2.2 Non-linear multivariate SDE

To carry out non-linear multivariate SDE tests, we consider controlled Dubins processes.

Controlled Dubins process. Let X(t) be a Dubins process with controlled angle, defined by the SDE

dX(t) = v × (cos(u(t)), sin(u(t)))dt+ σdW (t) ∈ R2 (61)

with v, θ ∈ R, and σ > 0.

Sinusoidal controls. We define H as the space of two-step functions from [0, T ] to R.
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Test controls

True trajectories from (b, a)

Simulated trajectories from (b̂, ̂a)

u3u2u1



Conclusion and perspectives



Takeaways and perspectives
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Takeaways: 

• Learn controlled dynamics from finitely many controls 

• Reproduce density flow through the Fokker-Planck equation 

• Obtain statistical convergence rates governed by regularity and dimension

Perspectives: 

• From open-loop to feedback controls 

• From exact kernels to scalable approximations 

• From simulations to experiments on real systems

lmoe/sde-learn lmoe/controlled-sde-learnCode:

https://github.com/lmotte/controlled-sde-learn
https://github.com/lmotte/sde-learn
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